Common fixed point theorems for infinite families of contractive maps by unknown
ORIGINAL RESEARCH
Common fixed point theorems for infinite families of contractive
maps
Reza Allahyari2 • Reza Arab1 • Ali Shole Haghighi2
Received: 30 May 2015 / Accepted: 28 September 2015 / Published online: 27 October 2015
 The Author(s) 2015. This article is published with open access at Springerlink.com
Abstract In this paper, we prove some fixed point theo-
rems for infinite families of self-mappings of a complete
metric space satisfying some new conditions of common
contractivity. An example is presented to show the effec-
tiveness of our results.
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Introduction and preliminaries
Fixed point theory constitutes an important and the core
part of the subject of nonlinear functional analysis and is
useful for proving the existence theorems for nonlinear
differential and integral equations. The Banach contraction
principle [3] is the simplest and one of the most versatile
elementary results in fixed point theory, which is a very
popular tool for solving existence problems in many
branches of mathematical analysis. Several authors have
extended the Banach’s fixed point theorem in various ways.
The family of contraction mappings was introduced and
studied by Ciric [7] and Taskovic [11]. Also in the process,
the study of existence of common fixed point for finite and
infinite family of self-mapping has been carried out by
many authors. For example, one may refer [1, 2, 4–6, 12–
14].
Recently, some new results for the existence and
uniqueness of fixed points were presented for the cases of
partially ordered metric spaces, cone metric spaces and
fuzzy metric spaces (for example, see [1, 15–18]). Also, the
study of common fixed points for a family of contractive
type maps has been paid attention, and many interesting
fixed point results have been obtained (for example, see [2,
7–11]).
The aim of this paper is to define some new conditions
of common contractivity for an infinite family of mappings
and give some new results on the existence and uniqueness
of common fixed points in the setting of complete metric
space.
Here, we state some known definitions and facts. We
refer for more details to [1, 7].
Definition 1 Let X be a nonempty set and let fTng be a
family of self-mappings on X. A point x0 2 X is called a
common fixed point for this family iff Tnðx0Þ ¼ x0; for
each n 2 N.
The following interesting theorem was given by Ciric
[7] for a family of generalized contractions.
Theorem 1 Let (X, d) be a complete metric space and let
fTaga2J be a family of self-mappings of X. If there exists
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for some k ¼ kðaÞ 2 ð0; 1Þ and all x, y 2 X; then all Ta
have a unique common fixed point, which is a unique fixed
point of each Ta; a 2 J:
Common fixed point theorems for a family
of mappings
In this section, we prove existence of a unique common
fixed point for a family of contractive type self-maps on a
complete metric space.
Theorem 2 Let (X, d) be a complete metric space and
0 ai;jði; j ¼ 1; 2; :::Þ satisfy
(i) for each j, limi!1ai;j\1
(ii)
P1
n¼1 An\1 where An ¼ Pni¼1 ai;iþ11ai;iþ1 :
If fTng is a sequence of self-maps on X satisfying
dðTix; TjyÞ ai;j½dðx; TjyÞ þ dðy; TixÞ; ð2Þ
for x; y 2 X; i; j ¼ 1; 2; ::: with x 6¼ y and i 6¼ j then all Tns
have a unique common fixed point in X.
Proof For any x0 2 X; let xn ¼ Tnðxn1Þ; n ¼ 1; 2; . . .,
then using (2.1) we get
dðx1; x2Þ ¼ dðT1ðx0Þ; T2ðx1ÞÞ a1;2½dðx0; T2ðx1ÞÞ þ dðx1; T1ðx0ÞÞ
 a1;2½dðx0; x2Þ þ dðx1; x1Þ
¼ a1;2dðx0; x2Þ
 a1;2½dðx0; x1Þ þ dðx1; x2Þ
which implies
ð1 a1;2Þdðx1; x2Þ a1;2dðx0; x1Þ:
So
dðx1; x2Þ a1;2
1 a1;2 dðx0; x1Þ:
Also we have,
dðx2; x3Þ ¼ dðT2ðx1Þ; T3ðx2ÞÞ a2;3½dðx1; T3ðx2ÞÞ þ dðx2; T2ðx1ÞÞ
 a2;3½dðx1; x3Þ þ dðx2; x2Þ
¼a2;3dðx1; x3Þ
 a2;3½dðx1; x2Þ þ dðx2; x3Þ
implies
ð1 a2;3Þdðx2; x3Þ a2;3dðx1; x2Þ:
So
dðx2; x3Þ a2;3




1 a2;3 dðx0; x1Þ:





1 ai;iþ1 dðx0; x1Þ ¼ Andðx0; x1Þ: ð3Þ
















Thus fxng is a Cauchy sequence and by completeness of X,
fxng converges to x (say) in X.
So using (2.1), for any positive integer m we have
dðx; TmxÞ dðx; xnÞ þ dðxn; TmxÞ
¼dðx; xnÞ þ dðTnxn1; TmxÞ
 dðx; xnÞ þ an;m½dðxn1; TmxÞ þ dðx; Tnxn1Þ:
Taking lim as n !1; we get
dðx; TmxÞ liman;mdðx; TmxÞ;
and it follows that dðx; TmxÞ ¼ 0 which shows that x is a
common fixed of fTmg:
Now we prove the uniqueness of the common fixed
point x. Suppose that y be another common fixed point of
fTkg: Since
P1
n¼1 An\1 so limn!1An ¼ 0 and therefore
there exists an i0 2 N such that ai0;i0þ1\ 12 : Thus, from
(2.1) we have
dðx; yÞ ¼dðTi0x; Ti0þ1yÞ
 ai0;i0þ1½dðx; Ti0þ1yÞ þ dðy; Ti0xÞ
¼ai0;i0þ1½dðx; yÞ þ dðy; xÞ
\dðx; yÞ
which implies that x ¼ y: So the uniqueness is proved and
the proof is complete.
Corollary 1 In addition to hypotheses of Theorem 2,




; then every Tn has a unique fixed point in X.
Proof Following the proof of Theorem 2, fTng have a
unique common fixed point x 2 X: If y is another fixed
point of a Tm then
dðx; yÞ ¼ dðTmy; TkmxÞ akm;m½dðx; TmyÞ þ dðy; TkmxÞ
¼ akm;m½dðx; yÞ þ dðy; xÞ
\ dðx; yÞ;
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which implies dðx; yÞ ¼ 0: Therefore, x ¼ y; which gives
the desired result.
Example 1 Let X ¼ ½0; 1 be a complete metric space with







nþ 2 ; x ¼ 0:
(
Let ai;j ¼ 13þ 1jijjþ6 ; i 6¼ j; then for each j,limi!1ai;j\1








Now we prove that for each x; y 2 X;
dðTix; TjyÞ ai;j½dðx; TjyÞ þ dðy; TixÞ:
There are three possible cases:
1. x 2 ð0; 1; y 2 ð0; 1: Then
dðTix; TjyÞ ¼ jTix Tjyj ¼ 0
 ai;jðjx 1j þ jy 1jÞ
¼ ai;jðdðx; TjyÞ þ dðy; TixÞÞ:
2. x 2 ð0; 1; y ¼ 0: Then































¼ ai;j½dðx; TjyÞ þ dðy; TixÞ:





























































So all the conditions of Theorem 2 are satisfied and note
that x ¼ 1 is the only fixed point for all Tn:
Theorem 3 Let (X, d) be a complete metric space and
0 ai;jði; j ¼ 1; 2; :::Þ; satisfy
(i) for each j, limi!1ai;j\1,
(ii)
P1
n¼1 An\1 where An ¼ Pni¼1 ai;iþ11ai;iþ1 :
If fTng is a sequence of self-maps on X satisfying
dðTix;TjyÞai;jmaxfdðx;yÞ;dðx;TixÞ;dðy;TjyÞ;dðx;TjyÞ;dðy;TixÞg;
ð4Þ
for all x; y 2 X; i; j ¼ 1; 2; ::: with x 6¼ y and i 6¼ j then all
Tn,s have a unique common fixed point in X. Further, if
x 2 X be unique common fixed point of fTng;s then x is a
unique fixed point for all Tn; s:
Proof For any x0 2 X; let xn ¼ Tnðxn1Þ; n ¼ 1; 2; :::, then
using (2.3) we obtain
dðx1; x2Þ ¼ dðT1ðx0Þ; T2ðx1ÞÞ
 a1;2maxfdðx0; x1Þ; dðx0; T1x0Þ; dðx1; T2x1Þ;
dðx0; T2ðx1ÞÞ; dðx1; T1ðx0ÞÞg
¼ a1;2maxfdðx0; x1Þ; dðx0; x1Þ; dðx1; x2Þ; dðx0; x2Þ;
dðx1; x1Þg
¼ a1;2maxfdðx0; x1Þ; dðx1; x2Þ; dðx0; x2Þg
 a1;2ðdðx0; x1Þ þ dðx1; x2ÞÞ:
Therefore,
dðx1; x2Þ a1;2
1 a1;2 dðx0; x1Þ:
Also
dðx2; x3Þ ¼ ðT2ðx1Þ; T3ðx2ÞÞ
 a2;3maxfdðx1; x2Þ; dðx1; T2x1Þ; dðx2; T3x2Þ;
dðx1; T3ðx2ÞÞ; dðx2; T2ðx1ÞÞg
 a2;3maxfdðx1; x2Þ; dðx2; x3Þ; dðx1; x3Þg;
which similar to the previous case we get
dðx2; x3Þ a2;3











1 ai;iþ1 dðx0; x1Þ: ð5Þ
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Thus fxng is a Cauchy sequence and by completeness of X,
fxng converges to x (say) in X.
So for any positive integer m,
dðx; TmxÞ dðx; xnÞ þ dðxn; TmxÞ ¼ dðx; xnÞ þ dðTnxn1; TmxÞ
 dðx; xnÞ þ an;mmaxfdðxn1; xÞ; dðxn1; Tnxn1Þ;
dðx; TmxÞ; dðxn1; TmxÞ; dðx; Tnxn1Þg
 dðx; xnÞ þ an;mmaxfdðxn1; xÞ; dðxn1; xnÞ; dðx; TmxÞ;
dðxn1; TmxÞ; dðx; xnÞg:
Taking lim as n !1; we get
dðx; TmxÞ limn!1an;mdðx; TmxÞ:
From condition (i), it follows that dðx; TmxÞ ¼ 0 gives x as
a common fixed point of fTmg:
Let y be another fixed point of fTng, then
dðx; yÞ ¼ dðTnx; TmyÞ
 an;mmaxfdðx; yÞ; dðx; TnðxÞ; dðy; TmyÞ; dðx; TmyÞ;
dðy; TnxÞg
 an;mdðx; yÞ:
Taking lim as n !1; we get
dðx; yÞ limn!1an;mdðx; yÞ;
which is possible only when x ¼ y: Hence x is the unique
common fixed point of fTng. Further, if y 2 X is a unique
fixed point of Tk; then according to limi!1ai;k\1; there
exists an ik 2 N such that aik ;k\1: Thus, by (2.3) we have
dðx; yÞ ¼ dðTik x; TkyÞ
 aik ;kmaxfdðx; yÞ; dðx; TikxÞ; dðy; TkyÞ; dðx; TkyÞ; dðy; Tik xÞg
 aik ;kdðx; yÞ;
which implies dðx; yÞ ¼ 0 and hence x ¼ y:
Theorem 4 Let (X, d) be a complete metric space and
0 ai;j þ bi;j\1ði; j ¼ 1; 2; :::Þ; satisfy
(i) for each j, limi!1ai;j\1 and limi!1bi;j\1;
(ii)
P1





If fTng is a sequence of self-maps on X satisfying
dðTix; TjyÞ ai;jdðy; TjyÞuðdðx; TixÞ; dðx; yÞÞ þ bi;jdðx; yÞ;
ð6Þ
for all x; y 2 X; i; j ¼ 1; 2; ::: with x 6¼ y and i 6¼ j where
u : ½0;1Þ  ½0;1Þ ! ½0;1Þ is a continuous function
such that uðt; tÞ ¼ 1 for all t 2 ½0;1Þ then, all Tn have a
unique common fixed point in X.
Proof For any x0 2 X; let xn ¼ Tnðxn1Þ; n ¼ 1; 2; :::,






ð1 a1;2Þdðx1; x2Þ b1;2dðx0; x1Þ:
Hence we have
dðx1; x2Þ b1;2












1 a2;3 dðx0; x1Þ:





1 ai;iþ1 dðx0; x1Þ ¼ Andðx0; x1Þ: ð7Þ









Now passing to limit n;m !1, we get dðxn; xmÞ ! 0:
Thus fxng is a Cauchy sequence and by completeness of
X, fxng converges to x in X that is limn!1 xn ¼ x 2 X.







Taking lim as n!1; we get
dðx; TmxÞ liman;mdðx; TmxÞ\dðx; TmxÞ:
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It follows that dðx; TmxÞ ¼ 0 gives x as a common fixed of
fTmg:
Let y be another common fixed point, then
dðx; yÞ ¼ dðTnx; TmyÞ an;mdðy; TmyÞuðdðx; TnðxÞÞ; dðx; yÞÞ
þ bn;mdðx; yÞ
¼ an;mdðy; yÞuðdðx; xÞ; dðx; yÞÞ þ bn;mdðx; yÞ
¼ bn;mdðx; yÞ:
Taking lim as n !1; we get x ¼ y: So, the uniqueness is
proved. h
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